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Abstract 

Affine hamiltonians are defined in the paper and their study is based 
especially on the fact that in the hyperregular case they are dual objects of 
lagrangians defined on affine bundles, by mean of natural Legendre maps. 
The variational problems for affine hamiltonians and lagrangians of order 
k > 2 are studied, relating them to a Hamilton equation. An Ostrogradski 
type theorem is proved: the Hamilton equation of an affine familtonian h 
is equivalent with Euler-Lagrange equation of its dual lagrangian L. Zer- 
melo condition is also studied and some non-trivial examples are given. 
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1 Introduction 

Higher order lagrangians and hamiltonians are considered by Ostrogradski in 
the study of equivalence problem of Euler-Lagrange and Hamilton equations of 
a hyperregular lagrangian. A modern form of these ideas is considered in [TJ 
Chap. 3, Sect. 1.4], using the higher order tangent bundles T k M of a manifold 
M, where the dual hamiltonian defined by a strictly convex lagrangian of higher 
order and the Hamilton equation are considered both on T*T k ~ 1 M. In [5], one 
uses also the bundles of accelerations in a systematic study of mechanical sys- 
tems, using the Klein formalism. A theory of higher order Hamilton spaces was 
recently studied in [7] , but the duality hamiltonian- lagrangian is not canonical 
and the action of the lagrangian and its dual hamiltonian are not related by 
canonical Legendre maps. An affine framework for lagrangians and hamiltomi- 
ans can be found in [31 HI H3] or [T2J . In order to try other methods one can 
follow similar ideas used in [2J. 

In this paper we consider a new definition, that of an affine hamiltonian of 
higher order k > 2 on a manifold M. An affine hamiltonian is an affine section 
in an affine bundle with a one dimensional fiber and it is studied using local real 
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functions (i.e. local hamiltonians). These local hamiltonians were considered 
by Arnold-Givental, in the case when the lagrangian is convex (see Proposition 
16.11) , but not stressing their local form. An afhne hamiltonian and a hamiltonian 
considered in [7] (called in our paper a vectorial hamiltonian) are related by an 
afhne section. 

We define the energy of an affine hamiltonian as a global hamiltonian (of 
order one) on T k ~ 1 M. The action of an affine hamiltonian is defined on curves 
on T*M an it has as critical curves that given by the Hamilton equation of the 
energy. Considering a hyperregular lagrangian of order k > 2, a canonical dual- 
ity lagrangian-affine hamiltonian is constructed by natural Legendre/Legendre* 
maps. The actions on curves of the hamiltonian and its dual lagrangian are 
related by a Ostrogradski type theorem: a hyperregular lagrangian L and its 
dual affine hamiltonian h of order k have the same energy, thus the same hamil- 
tonian vector field (Theorem 16.31) and the Hamilton equation oh h and the 
Euler-Lagrange equations of L have the same solutions as curves on M (Corol- 
lar y. 1[) . The Ostrogradski theorem stated in [TJ Chap. 3, Sect. 1.4] for a strictly 
convex lagrangian is extended in this way to a hyperregular lagrangian of order 
k. The action on curves is different from that considered in [7], but we inves- 
tigate here some similar Zermelo conditions; we find that there are no general 
Zermelo conditions for affine hamiltonians (Proposition 15 . lj ) . 

The consideration of an affine hamiltonian allows to perform a construction 
of some Legendre and Legendre* maps associated with a Lagrangian and an 
affine hamiltonian respectively, without using affine sections. The use of an 
affine section in the construction of Legendre maps, as in 018], makes the Leg- 
endre and Legendre* maps non-canonical associated to lagrangians and hamil- 
tonians, thus our construction improves this aspect. The integral action of a 
(vectorial) hamiltonian of order k on M, as defined and studied in [HI Chapter 
5], seems to be not related, in the hyperregular case, to any integral action of a 
lagrangian of order k on M. Notice also that the Hamilton equation obtained in 
[SI Chapter 5] is completely different as that obtained bellow, and its solutions 
as well. 

In the first section we briefly discuss the Legendre maps between vectorial 
and affine hamiltonians on one way and lagrangians on the other way, defined 
on open sets of affine spaces. 

A recursive definition of the A:-tangent spaces (as affine bundles) is performed 
in Section 2. We stress the role played by a vector pseudofield in the construction 
of T k M, since a similar ideea can be followed in order to study other cases (for 
example to construct a time dependent A;-tangent space; notice that the case 
studied in this paper is time independent). 

The variational problems for affine hamiltonians and lagrangians of order 
k > 2 are studied in Section 3 and Section 5 respectively, relating them to 
the Hamilton equation. The Zermelo condition is studied in Section 4. Some 
non-trivial examples are considered in Section 5. 
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2 Vectorial and afRne Hamiltonians and 
Lagrangians on afRne spaces 

Let A be a real affine space, modelled on a real vector space V. The vectorial 
dual of A is A* = Af f(A,M), where Af f denotes affine morphisms. An affine 
frame on A is a couple 1Z = (o, B), where o € A is a point and = {ei} i= Y7T C V 
is a vector base. If z € .4 is an arbitrary point, then its affine coordinates (or 
simply coordinates) in this frame, are the coordinates {z l ) i= Y^ of the vector oz, 
i.e. oz = z % ei. 

Consider now an affine frame 71 = (o,B) of A and the affine maps e° : 
A -)• iR, e°(z) = 1 and e* : .4 -)• JR, e 4 (z) = z\ (V)i = T7n. It is easy to 
see that 7^ = {e°, e 1 , . . . , e"} C A* 1 is a base. Let us consider the linear maps 
j : M -> ^4 t and 7r : .A* -» defined using the bases by j : M -> A*, j(i) = g°, 
and 7T : .4+ _> T/*, ^(gO) = 0, tt(^) = e\ i = T^n, where B* = {e l } l=T ^ C ^* is 
the dual base of B. It is easy to see that the definitions of j and tt do not depend 
on the frame 71 and there is a short exact sequence of vector spaces having the 

form — > 1R -4 A^ A V* — > 0. Notice that 7r is also the projection of an affine 
bundle with the fibre modeled on M. 

If 71 — (o,B) and TV = (o',B') are two affine frames, then z l = a\,z % + a 1 , 
thus e l = a\,e 1 ' + a l e°. Considering the bases 7l\ {71')^ C A\ then £ e -4 f has 
the forms £ = we + fije* = u/e° + fi^e 1 and the following formulas hold: 

u/ = to + flia 1 . 

Let us consider now lagrangians and hamiltonians on a real vector space V. 

A lagrangian (a hamiltonian) on V is a diffcrcntiablc map L : V\V , — >1R (re- 
spectively H : V*\Wo— >M), where Vo C V (respectively Wo C is a closed 
subset (for example an affine subspace). Differential of L (or H) defines the 
Legendre map (Legendre* map respectively). If the hessian of L (respectively 
H) is non-degenerated in every point, then one say that L (respectively H) is 
regular. In particular, if the hessian of L (respectively H) is strict positively 
defined, then L (respectively H) is regular. Regular lagrangians and hamiltoni- 
ans are hyperregular provided that Legendre maps arc diffeomorphisms on their 
images; they are related by a duality given by Legendre maps, using the relation 
L(z*) + H(Qi) = z*Qi. 

Let us consider now lagrangians and hamiltonians on an affine space A. 

A lagrangian on A is a differentiable map L : A\Ao^lR, where Aq C A 
is a closed subset (for example an affine subspace). If the hessian of L is non- 
degenerated, then we say that L is regular. In particular, if the hessian of L is 
strict positively defined, then L is regular. The Legendre map C : A\A, — > V* is 
defined also by the differential of L. If £ is a diffeomorphism on its image, we say 
that L is hyperregular; in this case L can be related with a hamiltonian H on V* 
by mean of a point z e A\Ao, using the relation L{z l ) + H(fli) = (z l — Zq)^. 
We say also that H is hyperregular. The consideration of z gives a H (called a 



3 



vectorial hamiltonian) , thus the duality is not intrinsic. We see below that it is 

possible to have an intrinsic duality. 

An affine hamiltonian on the real affine space A is a section of an open hbered 

submanifold of the affine bundle A* V*. It is defined by a differentiable map 

h : V*\Wo — ► A< , such that noh — 1 v *\ Wq , where Wo C V* is a closed subset. 

Using an affine frame (o,B), then h has the form h(Cli) — (Q,i,Ho(Cli)). If an 

other affine frame (o', B') is considered, then i2g(f2,-/) = f?o(^i)+^i al - It follows 

d^H' <9 2 ff 
that ^7; , = a),a J ,,— — — — , thus the local functions iin and Hq have the 

same hessian, which depend only on h. We call the hessian of Hq and Hq as the 
hessian of /i and we say that h is regular if its hessian is non-degenerate. 

Let h : V*\Wo —> A' be an affine hamiltonian and consider a point zq e .A. 
The fact that H (fti) - f^zg = iT^fV) - ^ ■ (4 + a 4 ) = Ao( fi i') ~ ^44' = 
iJo(^i')~^i' z o implies that H(£li) = Ho (Hi) — fii^o defines a vectorial hamilto- 
nian which is regular iff h is regular. Conversely, if H : V*\Wo — ► M is a vecto- 
rial hamiltonian and zq £ A is a point, then denoting Ho(Qi) = H(fli) + f^-ZQ, 
the map ft : F*\Wo — ► ./4J given by h(fti) = (Qj, H (ili)) defines an affine 
hamiltonian. We say that h is hyperregular if if is hyperregular; it is clear that 
the definition does not depend on the point Zq- 

Thus the vectorial and affine hamiltonians are related as follows. 

Proposition 2.1 If zq € A is a given point and Wo C V* is a closed subset, 
then there is a bijective correspondence between affine hamiltonians and vectorial 
hamiltonians on V*\Wq. 

Notice that the correspondence defined above depends on the given point 
z e A. 

A given point zq € A and the canonical duality ip : V x V* — > M, define 
together the Liouville map C Zo : A x V* — > 1R, given by the formula C Zo (z, f2) = 
(p(z — zo, f2), where z — zo denotes the vector zqz. 

Proposition 2.2 Let L : A\Aq—>1R be a hyperregular lagrangian on the real 
affine space A and C : A\Ao — > V*\Wo be the Legendre map. Then for every 
point zo € A, the map H : V*\Wq -> M, H(tt) = C Zo (£~ l (n),Cl) - L(£ _1 (f2)) 
is a hamiltonian on V*\Wq and the affine hamiltonian h : V*\Wo — » A^ corre- 
sponding to the point zq (according to Provosition \2. 1\) does not depend on the 
point Zo, depending only on the lagrangian L. 

Proof. Using coordinates, the link between L and H is L(z t ) + i/(fij) — 
(z l — ^o)Oi, where £~ 1 (r2)) = z l e.i. It is easy to check (classical) that H is a 
hamiltonian. The affine hamiltonian corresponding to the point zo according 

to Proposition 12.11 has the form (Qj) A (Hi, Ho(Hi)), where Ho(Hi) — H(Hi) + 
Zytti — z l Vti — L(z 1 ), thus the conclusion follows, q.e.d. 
A converse correspondence may be performed as follows. 

Proposition 2.3 Let h : V*\Wo — > A* be a hyperregular affine hamiltonian 
on the real affine space A. Consider a point zq € A, the hyperregular vecto- 
rial hamiltonian H : V*\Wq IR corresponding to the point Zq (according to 
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Provosition \2.1)) . % : V*\W -> V\W\ its Legendre map and Ao = Zq + W\. 
Then 

1. The map Hq : V*\Wo —> A\Aq given by the formula %o(fi) = H(Cl) + zq 
is a diffeomorphism (called the Legendre map of h). 

2. The real function L : A\Aq — > M given by the formula L(z) — C Zo (z, T-i (z- 
Zo)) — H('H~ 1 (z — Zq)) is a hyperregular lagrangian. 

3. Both "Hq and L do not depend on the point zq, depending only on the affine 
hamiltonian h. 

Proof. Using coordinates, h has the form (fij) A (Oj, i?o(f2j)) and H(Cli) = 

dH OH 

Ho(rti) — z}fli. Thus H(fiy = 7T-r- = -^-r Zq, then 1. follows, since h is 

hyperregular. The proof of 2. uses a similar argument as in the lagrangian case. 
Using also coordinates, the link between L and H is L(z) + H(Q.) — (z % — z^ili, 
where fi = fi^e 1 = T-L~ l (z — zq). It is also easy to check (classical) that L is a 
lagrangian. If the afhne hamiltonian h has the form h(Cl) — (Clie 1 , Ho(Qi)), then 
H has the form H(Q) = H (fl) - zgftj, where H~ x {z - z ) = Vl.e 1 = ft. Thus 
L(z) = {z i - z l Q )n,- H(ft) = {z 1 - z l Q )n,- H (fl) + zfoi = z i n,+ H (rt), thus 
2. follows. Using coordinates as above, it follows that the affine coordinates of 

(OHq \ 
) , thus "Ho depends only on Hq and implicitly on h. Taking 
OUi J 

OH 

the coordinates (z l ) of z £ A\Ao in the form z % — — — and denoting, as before, 

T-L^ 1 (z — zo) = flie 1 — ft, we have H(ft) = z — zq. Using also 2., we have 
H {n) = H(tt) + z = z, thus Ct = Hq X {z). Since L{z) = z*Qi+ H (fl), the 
conclusion follows, q.e.d. 



3 An inductive construction of the higher accel- 
eration bundles 

An inductive definition of the higher order spaces T k M are performed, for exam- 
ple in [TJ Chap. 3, Sect. 1.4], where the notation J k is used for T k M. According 
to this, using our notations, T°M = M, T X M = TM, ir 1 : T X M -> T°M is 
the canonical projection and for k > 1, T k+1 M is the affine subbundle of the 
tangent bundle TT k M of vectors £ £ T x T k M such that considering the differen- 
tial 7r fc * : T x T k M -> T 7T{x) T k - 1 M of the projection n k : T k M -> T k ~ l M, then 
— x ancl TTfc+i : T k+1 M — > T k M is induced by the canonical projection 
TT k M -> T k M. Notice that it follows a inclusion map h k : T k M -> TT k ~ x M, 
which is an affine bundle map. The dehnition of T k M is very simple and has 
a geometric description, but is difficult to be used, for example in local coordi- 
nates. We give below a different construction, using a vector pseudofield which 
comes from the Liouville vector held. 
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Let M be a manifold of dimension m and tM — (TM, n, M) its tangent bun- 
dle. Considering an atlas of M, we denote by (x % ) the coordinates on an arbitrary 
domain U C M and by (x 1 ^^) the coordinates on the domain 7r _1 (£7) C TM 
= l,m). On the intersection of two open domains of coordinates on TM, 
the coordinates change according to the rules 

* = = T&v i - 

A surjective submersion E M is usually called a fibered manifold. An 
affine bundle E — > M is a fibered manifold which the change rules of the local 
coordinates on E have the form 

x l = x\x 3 ),y a = c$(^')/ + v a (x j ). (1) 

An affine section in the bundle E is a differentiable map M A E such that 
7r o s = idu and its local components change according to the rule s a (x 1 } = 
g^{x^)s^{x^) + v a (xi). The set of affine sections is denoted by T{E) and it 
is an affine module over J-(M), i.e. for every fi,...,f p € F(M) such that 

fx H h / P = 1 and si, . . . , s p € r(J5), then /isi H h / P s p e T(E), where 

the affine combination is taken in every point of the base. Using a partition of 
unity on the base M one can be easily proved that every affine bundle allows 
an affine section. 

A vector bundle E A- M can be canonically associated with the affine bundle 
E A- M. More precisely, using local coordinates, the coordinates change on E 
following the rules x 1 — x l {x^), z a — g'^{x^)z^ when the coordinates on E 
change according the formulas (JTJ) . 

Every vector bundle is an affine bundle, called a central affine bundle. In 
this case v a (x : ') = 0. 

Let E A- M be a fibered manifold. Consider the subalgebra J-q = 
/ € J-(M)} C F{E) of projectable functions. A derivation on the fibered 
manifold is an K-linear map r : J-q — >• J-(E) such that T(f ■ g) = T(f) ■ g + f ■ 
F((/), (y)fi9 € J~o- Let us associate with every domain of adapted coordinates 

d 

7T — 1 (J7) C E the vector field IV = T(x 1 )— r, which we call the action of L on 

J-"(7r _ (U)). We call this association a vector pseudofield on E. For example 
d 

L^ 1 ^ = y l ^r~ defines a vector pseudofield on the vector bundle TM A M. 

ox 1 

The tangent bundle TM is a vector bundle, but, for k > 2, the ^-accelerations 
bundles T k (M) are affine bundles over T k ~ 1 (M), that can be defined inductively 
as follows. 

Let us denote M = T°M, n = m and TM = T X M and consider the vector 

d 1 
pseudofield = y 1 -^— on the vector bundle T X M A T°M. Let us suppose 
ox 1 

that the vector pseudofields r^ r ^ on T r M and the r-acceleration bundles T r M 
have been defined for 1 < r < k — 1, as affine bundles over T r ~ x M. Then 
T fe M is defined according to the change rule of the local coordinates given by 
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fc y ( fc K = k^-y^+T^ 1] (y^- 1 ^' ) and the vector pseudofield r$° = r^~ 1} + 

ky^ 1 — T , — 7T-, where Y^T X ^ is considered as a (local) vector field on T k M 
and U is the domain which corresponds to the coordinates (x l ). Notice that 
Irr = y^-^+Zy^ 1 ~ ■ ■+ky^ l -^-r, — 77- and on the intersection of two 

domains corresponding to U and U', we have T^) = — (y^ 1 ) 



Proposition 3.1 The fibered manifold (T k M,n k ,T k ~ 1 M) is an affine bundle, 
for k>2. 

Notice that the coordinates y^ 1 are in accordance with those systematically 
used by R. Miron in [6]-[10]. 

The vector bundle canonically associated with the affine bundle (T k M, 
n k ,T k - 1 M) is the vector bundle q* k _ x TM, where q k -i : T k ~ 1 M -> M is 
qu-\ = 7Ti o 7r 2 o • • • o 7Tfc_i. The fibered manifold (T k M,q k ,M) is systemat- 
ically used in [TUl [6] in the study of the geometrical objects of order k on M, 
in particular the Lagrangians of order k on M. The total space of the dual 
q* k _ 1 T*M of the vector bundle q^_ x TM is also the total space of the fibered 
manifold (T k-1 M X M T*M,r k ,M) and it is used in [7, 8 in the study of the 
dual geometrical objects of order k on M, in particular the hamiltonians of or- 
der k on M. In the sequel we denote ql_ x T*M — T k *M, considered as a vector 
bundle over T k ~ x M. 

The tensors defined on the fibers of the vertical vector bundle V k _ 1 M —> 
T k M of the affine bundle (T k M, ir k , T k ~ 1 M), or on the fibers of an open fibered 
submanifold of Vt-yM — > T k M, are called d-tensors of order k on M. 

Considering local coordinates: (x l , y^- 1 ' 1 ,. . ., y( fc_1 ) 1 ) on T k ~ 1 M and (x\ 
i/ 1 )*,. . ., p(o)i, ■ • ■ ,P( k -i)i) on T*T k ~ 1 M, they change according to the 

rules: 



dx l 



Q,.(fc-2)i' f) Xk-2)i 

(fc - !)„(*-!)< = ytD ^ . + ... +(fc-l) 1/ ( fc - 1 ) <01 ' 



9a; 2 dy( k ~ 2 ) 1 

(2) 
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and: 



P(o)i= ~dj p (°y i,+ ~d^~ p ^ i ' + '" + Q X i P(k-iy> 

Qy(l)i' Qy(k-l)i' 

PW= ~dy^ PWl ' + '" + dyWi p W> (3) 

Qy(k-l)i' 

P(k-l)i = g y (k-l)i P(k-l)i< 

respectively. 

From formula ([3]) it follows that there is a canonical projection of an affinc 
bundle 

II' : r*T fc_1 M -> T fe *M, (4) 
where {x\ y^\. . ., y^" 1 )*, p (0)j , . . . ^ (a; 1 , yW 1 ,. . ., 2/ (fc_1)i ,P( fe -i)i). 

4 The variational problem for affine Hamiltoni- 
ans of order k 

In this section we define affine hamiltonians of order k > 2 on a manifold M 
and study the variational problem of their integral action on curves on T*M . 
We define also the energy of an affine hamiltonian of order A: as a function on 
T*T k ~ 1 M and we prove that the integral curves of its Hamilton vector field 
are natural liftings of solutions of the variational problem of the integral action. 
The case k = 1 is that studied in the classical mechanics, the affine situation 
occurs only for k > 2. In that follows we suppose that k > 2, if any other 
assumption is made. 

Let us consider the affine bundle T k M ^ T^M and u e T k ~ l M. The fiber 
T k M = tt% (u) C T k M is a real affine space, modelled on the real vector space 
T 7r(u) M. The vectorial dual of the affine space T k M is T^M = Af f(T k M, M), 
where Af f denotes affine morphisms. Denoting by T k ^ M = U T k<! M 

u£T k - 1 M 

and 7P : T k<! M —> T k ~ 1 M the canonical projection, then it is clear that 
(T k >M, 7P, T M) is a vector bundle. There is a canonical vector bundle 
morphism of vector bundles over T fc_1 M, IT : T k ^M -> T k *M. This projection 
is also the canonical projection of an affine bundle with the fiber M. An affine 
hamiltonian of order k on M is a pointed section h : T k *M — > T k ^M of this 
affine bundle (possibly continuous on the image of the null section) , or a section 
of an open fibered submanifold of II. Thus an affine hamiltonian of order k on 

M is given by a differentiate map h : T k *M -t T^M, such that Uoh = l-j^- • 
We consider some local coordinates (a; 4 ) on M, (a; 1 , ?/ (1) V.., y<- k -V l ) on 
T k ~ 1 M, and (a:*, j/W*, . . . , y( fc-1)i , jJf, T) onT^M. Then the coordinates p t and 

T change according to the rules £>j/ = -^rPi and T" = T+ — rL' _ '(yC 5 " 1 ) 8 \——p i 

ox 1 k ox % 
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respectively. The vector bundle morphism II is given in local coordinates by 
(x\y^' l ,...,y^ k -^\ Pl ,T) 4 {x\y^\...,y( k -^\ Pl ). Thus the local func- 
tion Ho changes according to the rules 

H' {x\y^\. . .,y^\ Pl ,) = Ho(x\y^\ y^\ Pl ) (5) 

+ k L u [V ) dx i>P*- 

Notice that the corresponding map h : T k *M — > T k ^M has the local form 
h{x\yW\ . . . , y^\ Pl ) = (x\y^\ . . . , y^\ Pl , H (x\y^\ y^\ Pl )). 

It is easy to see that ^ = + t^^Hv^ 1 ^)- Thus th ere 

dpi' ox 1 o Pi k 

is a map H : T k *M — > T k M, which we call the Legendre* ma P , given in lo- 
cal coordinates by (x\ i/ 1 ^, . . . , y( fc_1 )% Pi ) ™ (x\y^\ . . . , j/( fc-1 )' ,H l ), where 

W(x\yW\...,y( k -V\ Pi ) = ^■(x i ,y^ i ,...,y^ k -^ i ,pi). We say also that h 

o Pi 

d 2 H r dx^' Ox-*' d^H 
is hyperregular if H is a global diffcomorphism. Since ■ " — 



d P i'd P ji dx l dxi d P id P j' 
d 2 H 

it follows that h lJ = — — - — is a symmetric 2-contravariant d-tensor, which is 
o P id Pj 

non-degenerate if h is hyperregular. 

For any curve 7 : [0, 1] —¥ T* M , we define the integral action of h along the 
curve 7 by the formula 



7( 7 ) = 



1 d k x i . „ / , dx l 1 d*^ 1 



(fc- 1)! di fc V (fc- 1)! * fe - 



tft, (6) 



where 7 has the local form t — > (x l (t) , P i(t)) . The critical condition (or Fer- 

mat condition in the case of an extremum) can be used for the integral action 

using similar arguments as in [8j Chapter 5], where it is used in the case of 

extremun and it is called as extremum condition; we sketch below these argu- 

/ fat 

ments. The lift 7 : [0, 1] -> T k *M of 7 has the local form, t -> xHt), (t), 

\ at 

1 d k ~ 1 x i \ 
— — ^fc_x (t)iPi(t)J ■ We consider a vector field V and a covector field 

d a V l 

r)i along the curve 7 having the properties that ^'(0) = V*(l) = (0) = 

(0) = ?J 1 (Q) = ?7 l (l) = 0- F° r £i, £2 > (small enough), one consider a 

variation 7(61, e 2 ) in the form t — > (t) = (x l (t) + e{V i (t), Pi +E2rf(t)). Neces- 
sary conditions that I (7) be a critical value of 1(7(21, £2)) are given vanishing 
partial derivatives of I £2)) with respect to £1 and £2, in (£1 = 0, £2 = 0). 
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This condition gives 



Pi(t) 



1 



d k V l 



(k - 1)! dt k 



fdH , 8H dV 
\ dx 1 



1 



dH d k - x V 



and 



dyW* dt 

1 d fc x* 



(fc- 1)! di fe -! 



di=0 



r^cft = 0. 



Integrating successively by parts the terms that contain derivatives of F 1 , 
we obtain the following equivalent form of the first integral: 



(-l) fe d k Pi dH a d dH 



(-1) 



dH 



k\ dt k dx 1 dtdyW 1 



(Jfe-1)! d^" 1 dy^" 1 ) 1 



U l d< = 0. 



Since the curve 7 is arbitrary, we obtain the Hamilton equation in the condensed 
form: 



(-\f d k Pl dH f d dH 

k\ dt k dx 1 
1 d k x i dH 



-if- 1 d^ 1 



dH 



k\ dt k dp( k -i)i 



dt dy^' 1 
0, 



(k-l)\ dt 1 "- 1 dyV*- 1 ^ 



0, 



(7) 



where = . ., ?/ fc ^ = -— - — rr — : , % ■ 

y dt ,,y (k- 1)1 dt k - 1 

Notice that for k = 1, the formulas ([7]) are also valid in the form: 

dpi _ di/p _ 

da; 1 d#o =Q 
di 9p (0 ) l 

i.e. the well-known Hamilton equation of the hamiltonian Hq. 

We consider, for an affine fc-hamiltonian h (k > 2) and the local domain U, 
the energy £ u given by the local formula: 

£u = PmV (1)t + • • ■ + (k - l)p ( fc- 2 )il/ C *- 1}< + kH (x\ y^\ . . . , y (fc - 1)l ,p (fe - 1)4 ). 

(8) 

Proposition 4.1 The local junctions Eu glue together to a global function £q ■ 

Proof. Using the change rules ([3]) and ([3]), we have: 
P(^V {1)1 + ••• + (*;- l)P( k -2^y (k - 1)l + kH (x\yW\ y^^p^i) = 
( dx 1 ' dyW dy^-V" 



dx 



■P(o)< 



dx 1 



-P{i) 



dx 1 



-P(k-i>i> y (1)t + 
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Qy(k-l)i' 

Qy(l)i P(fc-l)i' 



,(2)i 



Qy(k-l)i' \ 



i/ 1 ) 1 , . . . , ?/ fe_1 ) 1 , thus the conclusion follows, q.e.d. 

We call the function £q the energy of the afhne hamiltonian h. 

The manifold T*T k ~ 1 M has a canonical symplectic structure given by O = 
dp(o)iAdx l + dp^ i Ady^ 1 H \-dp( k _ 1 y i /\dy( k ~ 1 * > \ The hamiltonian vector field 

which corresponds to the function £ :T*T k ~ 1 M — > 1R is defined according 
to the formula d£ — ix e and it has the local expression: 



X, 



d£ d 



d£ d 



i)£ 



d 



dp( )t dx l dp (1)l dyi 1 ) 1 
d£ d d£ d 
dx i dp m dyW dp (1)l 



dp(k-i)i dy^-V* 

d£ d 
dy^-V* d P{k _ x)i 



An integral curve of the hamiltonian vector field Xs is a solution of the 
differential equations: 



dx l _ 



,(!)< 



dy 



{a+l)y 



a+l)i 



a 



l,k-2, 



dt 

dt 

aP( a )i 

dt 



= k 



-k 



dH 

dP(k-i)i 

dx 1 
dH 



(9) 



ap (Q _i)i, 



l,fc-l, 



which we call the Hamilton equation (in the vectorial form) of the afhne hamil- 
tonian h. Notice that this form and the condensed form ([7]) are equivalent, 
giving the Hamilton equation of the affine hamiltonian h. 

Theorem 4.1 An integral curve T of the hamiltonian vector field X^ projects 
on a curve 7 on T*M which is a solution of the Hamilton equation of the affine 
hamiltonian h in the form £?J) ; thus 7 is a critical curve for the action I . 

Proof. The integral curve T is a solution of a local differential equation having 
the form (J9j> . It projects on the curve 7 on T*M given in local coordinates 
by lit) — (x l (t),p^_ 1 ) i (t)). By a straightforward verification, the differential 
equations © implies that the Hamilton equation ([7]) hold, q.e.d. 

Let us regard £q as a hamiltonian function on T*T k ~ 1 M . For any curve T : 
[0, 1] — ► T*T k ~ 1 M, r(i) = (x i (0,2/ (1)i W J ---:y ( ^ 1)i W>P(0)iW ) --- ) P(fc-i)i(t)) 
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the integral action of £q along the curve T is given by the formula 



^o(r) = 



P(0)i 



dx l 
~dt 



■P(i)i 



dy 



dt 



H \-P(k-i)i 



dy 



(fc-i)i 



dt 



% (x\y^\ . . . ,y( k X)i ,P( )i,---,P(k-i)i) 



dt, 



thus 



P(k-2)i 
P{k-X)i 



P(0)i 

dy 



dx l 
~~dt 

(k-2)i 



y 



(1). 



■P(l) 



dy 



(i)i 



dt 



-2yW" 



dt 



dt 



-(k-l)y( k -^ 
-kH (x\y^\. 



,y (k 



dt. 



If the curve T has the property that 



dx % 
~dT 



y 



(i)i 



dt 



(fc-lJyC*-*)*, 



(10) 



then 7 fo (r) = 7( 7 ). 

Let us consider a curve 7 : [0, 1] — > T*M; we say that a curve T : [0, 1] — > 
T * T k-i M ig a ^ of 7 tQ T * T k-i M if 7 = n' o T, where 7 : [0, 1] T k *M is 

the lift of 7 to T k *M and II' is the canonical projection defined in (|4]), i.e. the 
diagram 



[0,1] 

il 

T k *M 



rp*rpfc 

n' 



is commutative. 

If s : U C T fe *M T*T k - x M is a section of the fibered manifold T*T fc_1 M 
T k *M, where t7 is an open set of T k *M which contains 7([0, 1]), then r = s o 7 
is a lift of 7 to T*T k ~ 1 M. 

We have the following relation between critical curves of actions I and 7g . 

Theorem 4.2 //To is a critical curve in 

T * T k-i M j or the actwn i £o 

and 70 

is its projection curve in T*M , then the curve 70 is a critical curve for the 
action I and Is a (Ta) = I(jo)- 

Proof. Since To is a critical curve in T*T k_1 M for the action Is , it is a 
solution of the vectorial Hamilton equation in the form ([9]). Using Theorem 14. 11 
it follows that the curve 70 in T*M is a solution of the Hamilton equation in 
the form ([7]). q.e.d. 

Corrolary 4.1 If Tq is a critical curve for the action Ig , then it is a lift to 
T * T k-i M Q j a critica i 

curve 70 for the action I. 



IT 
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Proof. Let 70 be the projection of T to T*M, i.e. 70 is obtained as [0, 1] ^ 
T * T k-i M ^ T k* M _j. T * M _ It ig clear that rQ ig a lift of 7q and using the 

above Theorem 70 is a critical curve for the action /. q.e.d. 

A vectorial hamiltonian of order k on M is a function H : T k *M — > M, dif- 

ferentiable on T k *M (i.e. T k *M without the null section). The vectorial hamil- 

tonian is hyperregular if the vertical Hessian — ) of H is non-degenerate 

and the Legendre* map is a diffeomorphism on its image. In this case the 
vertical hessian defines a non-degenerate bilinear form on the fibers of the ver- 
tical bundle VT k *M . The vectorial hamiltonian defined here is called simply 
a hamiltonian in [3 [8] . We say that this hamiltonian is vectorial, in order to 
distinguish it from the affine hamiltonian already defined before. 

Using Proposition 12. 1[ we obtain the following relation between affine and 
vectorial hamiltonians. 

Proposition 4.2 Let s : T fc_1 M ->■ T k M be an affine section. 

1. If H : T k *M — > M is a vectorial hamiltonian, then the local functions Hq = 
H(x l ,y^ 1 , . . . , y( k ~ 1 ' )l ,pi)+s l (x l , y^ 1 , . . . , y^ k ~ x ^ l )Pi define an affine hamil- 
tonian h of order k on M . 

2. Conversely, if h is an affine hamiltonian of order k on M , then the lo- 
cal functions H = H (x\ y^ 1 , . . . , y^'^^Pi) — s'^'.i/W', . . . , y^^^^Pi 
define a vectorial hamiltonian of order k on M . 

Notice that a vectorial hamiltonian H and an affine Jumfiltonian h define 
together an affine section on the affine bundle T k M — > T k ~ 1 M; locally, this is 

• v i dH dH 

given by s l = — — . 

dpi dpi _ 

Thus an affine section is an essential ingredient in a correspondence between 
vectorial and affine hamiltonians. 



5 Zermelo conditions 

The Zermelo conditions in higher order geometry are discussed for lagrangians 
in [6j Ch.8] and for vectorial hamiltonians in [HI Ch.5]. The integral action 
considered here for an affine hamiltonian is completely different from that used 
in [5J Ch.5] for a vectorial hamiltonian, but the calculation of Zermelo conditions 
follows the same ideas. 

The Zermelo conditions are necessary conditions imposed to the affine hamil- 
tonian, in order that the integral action ([5]) do not depend on the parametriza- 
tion of an arbitrary curve 7 : [0, 1] — > T*M . 

Let t : [0,1] — > [a,b] (t(0) — a, i(l) = b), be a diffeomorphism that de- 
fines a new parametrization of the curve 7, which has the local form j(t) = 
t £ [a, b\. The condition that the integral action ([6]) do not depend 
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on the parametrization leads to the condition that the integrand terms be the 
same, i.e. 



1 d k x i ( ■ dx l 1 d k - x x l 



{k - dt k u V dt ' ' " ' (k - 1)! di k ~ 
1 d*V / - dx l 1 d^ 1 



dt 
dt 



x 



Pi-jnr ~ kH o x \ -7T,- ■ • i ?! — 777-771-7- 



(fc-l)r l dt fe U V ' ^ (*- 1)! dt*" 1 



(11) 



The right side of the above equality can be regarded as a function on t, but via t. 

dx l dx i dt dV dV / dtV dx l d 2 i d 3 x l d 3 x l ( dt" 3 



dt dt dt' dt 2 dt 2 \dt) ' dt dt 2 ' dt 3 dt 3 \dt / 

d 2 x i dt d 2 t dx l d 3 t 

3 — ~ 5-H = ? and so on. The left side of the equality (flTT) depends on 

dt 2 dt dt z dt dt 6 

the diffeomorphism t via the derivative — , while the right side depends on the 

dt 

dt d 2 t d k t 

diffeomorphism t via the derivatives — , -r-$,. . . , —r. Differentiating both sides 

dt dt A ai fc 

of the equality (TTTj) with respect to — , then letting t = t, we have 

dt 

1 d k x l ( - dx l 1 d fc ~V \ 
P*-7J-- kH [X ,-7r,---,77 777 JTiTZi ,Pi = 



(fc-l)!^dt fc U V ' dt (fc- 1)! d^" 1 

1 d k x* 3H dx % dH dV 

(k - l)l Pl ~dt ir ~ dyW~dT~ l^~dl?~ 

k dH d k ~ 1 x i 

~(k- 1)! dy^- 1 ) 1 dt*- 1 ' 



thus 



#o = V(if ), (12) 

where V = y^ -^jrvr H H (fc — l)^^ -1 ^ — ,f , v is a Liouville vector field. 

I c [ a x i 

Notice that along the curve 7 we have y^ a > 1 = — , a = l,k — 1. 

a! dt" 

d 2 t 

Differentiating the both sides of the equality {TTTJ) with respect to — ? , then 

dt 

taking t = t, we have 

1 d fc - V , dH 1 /2\ da; 1 , dH 1 /3\ dV 
°=A o 77 7T7 - TTiTTi ^ TTTTTw 7TT „ hr ~ /c " 



fc- 



2/ (fe - 1)! dt*- 1 %( 2 )* 2! V2 / dt 92/(3)* 3! \2 J dt 2 
dH 1 fk-l\ d k ~ 2 x l 



' dy (k-2)i (k-l)\\ 2 J dt k - 2 ' 
thus 

(fc-iW fc ^ = ¥Vo), 

fc— 2 .9 . d 

where V = y^ 1 , . . + ■■ ■ + (k — l)?/ fc -2)» , . . is a Liouville vector field. 
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Successively, differentiating the both sides of the equality ([TO with respect 

d 3 t d k ~ 1 t 
to -r"5V ■ * ■ tt — T") then taking t = t, one obtain: 



W" )l = V(iJ ), (V)Q = 2, k - 1. (13) 

Let us assume that k > 2. If we differentiate the both sides of the equality 
d k t 

(fTTl) with respect to — -r, then taking £ = t, we obtain the condition that the 
curve 7 must fulfill: 

dx % „ , 
ft^-=0. (14) 

Thus the integral action is dependent of the parametrization of curves, provided 
that the curve do not satisfy condition (TT4"1) . 

The equations (|12[) and (IT31 constitute the set of Zermelo conditions for the 
affine hamiltonian h, while (|14[) is the Zermelo condition for the curve. It follows 
that, in general, we have the following conclusion. 

Proposition 5.1 The integral action (GJ) depends on a parametrization of a 
curve, provided that the curve do not satisfy the condition |i^[ ), thus there are 
no Zermelo conditions for an affine hamiltonian. 

6 Lagrangians of order k 

Let us consider a lagrangian L of order k on M, thus L : T k M — > M is differ- 
entiable. We say that L is hyperregular if its vertical hessian I — q^[q (kjj j * s 

non-degenerate and the Legendre map C : T k M — > T k *M, {x % , j/ 1 * 1 *, . . . , ?/ fe ) J ) 
(x l , y' 1 - 1 *, . . . , y^ -1 ' 1 , ) is a global diffeomorphism. 

The Legendre map defines an £-morphism of the vertical vector bundles 

VT k M — > VT k *M (called the vertical Legendre morphism) and expressed in 

dL d 2 L 

local coordinates on fibers by (y^ l ,Y j ) — > ( — ... . ,,, . nrr )- The fol- 

lowing result is classical. It is stated in [TJ Chap. 3. Sect. 1.4] for the euclidean 
case M — M l , then for a manifold M, only for convex lagrangians, for a local 
lagrangian. 

Theorem 6.1 a) Let L : T k M —tMbea hyperregular lagrangian of order k 
on M. Considering local coordinates, let (x 1 , 

j/ 1 -* 2 , . . . , y( fc_1 ) 4 , p^ be the local form of the inverse £ _1 of the Legendre map. 
Then the local functions given by 

H Q (x\y^\ . . . , y^\ Pi ) = p 3 W{x\ y«\ . . . , j/*" 1 ^)- 
L(x\ yW\ . . . , y^\H\x\ y^\ . . . , y^\ Pl )) 
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define a hyperregular affine hamiltonian of order k on M and the vertical Leg- 
endre morphism is an isometry . 

b) Conversely, let h be a hyperregular affine hamiltonian of order k on M . 

Considering local coordinates, let (x l , j/ 1 -* 2 , . . . , y^ 1 ) (x l , y^ 1 , . . . , yC 0-1 ) 2 , 
Li(x l , j/ 1 -**, . . . , y^ 1 )) be the local form of the inverse 'Hr 1 of the Legendre* 
map. Then the local functions given by 

L(x\ y«\ . . . , y^) = y^L 3 (x\y^\ yW)- 
H (x\yQ\...,yt k - 1 »,L i (x i ,yW i ,...,yW) 

define a global hyperregular lagrangian of order k on M and the vertical Legendre* 
morphism is an isometry . 

c) The constructions a) and b) are inverse each to the other. 

We say that the hyperregular lagrangian and the afhne hamiltonian that 
corresponds according to Theorem 16. II are dual each to the other. 

Let us apply this constructions to convex affine hamiltonians and lagrangians 
We say that the affine hamiltonian h of order k on M is positively defined 

/— d 2 H \ 

(or convex according to pQ) if the matrix — — - — j is positively defined. It 

\ OpiOpj J 

follows that the Legendre map W is a local diffeomorphism, but we suppose 
in that follows that H* is a global diffeomorphism, i.e. h is hyperregular. We 
denote by L the dual lagrangian given by Theorem 16.11 It is easy to see that L 
is positively defined. 

Proposition 6.1 1. Assume that the lagrangian L is hyperregular and pos- 
itively defined and let h be its dual hyperregular affine hamiltonian. Then 
h is positively defined and the local functions Hq of h are given by 

H a {x\y^\ y^\ Pl ) = max ( Pl y^ - L{x\y^\ y^)) 

and the maximum is taken for y^ 1 = H l {x l , y^ 1 , • • • , , y( k ~^ 1 ,pi). 

2. Assume that the hamiltonian h is hyperregular and positively defined and 
let L be its dual hyperregular affine lagrangian. Then L is positively defined 
and if Hq is a local function of h then L is given locally by 

L{x\yV\ y<*>»') = max Uy^ ~ H (x\y^\ yW,*)) 

and the maximum is taken for pi — Li(x l , j/ 1 -* 1 , . . . , y^ 1 ). 

Proof. 1. The positivity of h follows from the fact that the hessians of L 
and its dual h are inverse one to the other. The real function JR" 9 y^ 1 A 
Piy^ 1 — L(x l , y^ 1 ' % , ■ • • , , y( k > % ) £ Mis concave and according to Fermat principle 

it has a unique maximum given by the only root H l of .... = 0. But . . . = 
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dL 

Pi ~ -r — 7T7- (x l , y^ 1 , ■ ■ ■ , y( k ) 1 ). It follows that the maximum is taken for j/ fc ^ = 

W(x\y^\...^ k ~^\ Pi ). 

2. It follows by duality, q.e.d. 

Notice that, since Hq is only local a function, the considerations performed 
in [TJ Ch.3, Sect. 1.4] have only a local validity. 

Let H be a vectorial hamiltonian of order k on M and s : T k ~ 1 M — > T k M 
be an affine section. Then H and s define canonically an affine hamiltonian h of 
order k on M (Proposition ^. 2[) . If H is hyperregular, then h is also hyperregular. 
In the case when the Legendre* map of h is a diffcomorphism, then h defines 
a lagrangian L of order k on M. In this way, as in [5], a non-canonical one 
to one correspondences between lagrangians and vectorial hamiltonians follows, 
via Legendre maps; it is non-canonical since it depends essentially on the section 
s. 

For any curve 7 : [0, 1] — > M , we define the integral action of L along the 
curve 7 by the formula 

'«-jC^f m*- 

where 7 has the local form t A (x l {t)). The critical condition (or Fermat 
condition in the case of an extremum) can be used for the integral action using 
similar arguments as in [8l Chapter 5] (where it is used in the case of an extremun 
and it is called an extremum condition). It gives the Euler-Lagrange equation. 
A curve 7 : [0, 1] — > M, 7 (i) — (x l (t)) is a solution curve of the Euler-Lagrange 
equation of the Lagrangian L if 

dL 1 d dL k 1 d k dL 

dx i UdtdyW { * k\dt k dy^ l ~ ' { ' 

along the curve 7 « : I -> T k M, 7 (*>(t) = (^(t), __(t), . . . , -^-(t)). 
This equation is expressed in terms of the Jacobi-Ostrogradski momenta in 
[H [I]. Here these Jacobi-Ostrogradski momenta are (p(o)i, • • • ■,P{k-x)i)i viewed 

here as coordinates on T*T k M . 

Let us consider that the lagrangian L is hyperregular and let (x l , y*- 1 ^,. . ., 

y {k - 1] \ p t ) C ^ (x\ y ( ^\. . ., y( k -V\ W{x\y { ^\ . . ., y( k ~V\ Pi )) be the inverse 

dL 

of the Legendre map. Thus ^-^(x\ y (1)l ,. . ., y {k - 1] \ H l {x\ y (1) \ . . . , y (fe ~ 1)4 , 
Pi)) = Pi and iT(x% y«% . . ., y^\ —^{x\ y VX, . . . , y(*-D<, y«*)) = y«\ 

It follows that — — = y 2 - 7 . Let us consider the affine hamiltonian h correspond- 
ed 

ing to L, according to Theorem l6.ll We call the total energy of the hyperregular 

lagrangian L to be the energy function £ : T*T k M — > M ! of h. Taking into ac- 
count the local form of £ given by (J8j> and the definition of Hq given by Theorem 
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16.11 we obtain: 

£ = p (0)l y (1)4 + •■■ + (»- i)p { k-2 )l y (k - 1)l + (16) 
kp^H^x^y^ 1 , . . . , y {k - 1] \ P{k - l)t )- 
kL(x\ y^\ y^,W(x\ y«\ y^ 1 , P{k . iyi )). 

An integral curve of the hamiltonian vector field Xg is a solution of the first 
order differential equations, determined by the lagrangian L: 

( dx l _ d£ 

dt dp i0)i ' 
dy {a ^ d£ 



dt dp {a)t 
dp{ a )i _ d£ 



a = 1 , k — 1 , 



dt 



. a = 0, k — 1. 



These are called as Hamilton- J acobi equations in [61 and as generalized Euler- 
Lagrange dynamical equations in [5 . Notice that £ has different meanings in 

Thus an integral curve of the vector field Xg is a solution of the differential 
equations: 

da; 4 



I) 



= {a + l)y^ a+v >\a = l,fc-2, 



dt 

, dt 

Mo)* = k 

dt dx l ' 

dp( a )i _ , <9L 



<9L 



(17) 



if fc > 2 and 



da; 1 _ 
dp(p)i 



g^iaji -Q!P(a-l}<.a = l,*-l. 



dt 9a: 1 

in the case jfc = 1. This case recovers the Hamilton equation: 

f da:* _ d£ 

dt dpi ' 
dp(o)i _ d£ 

dt ~~dx v 

where £(x 3 ,P(o)j) = PiH % {x 3 ,P(o)j) ~ -^(^j ^'(^iPfoij)) is the energy of L and 
£ is viewed as a hamiltonian of order 1 on M. 

Similar to the hamiltonian case (Theorem EjJ, one has the following result. 
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Theorem 6.2 Assume that the lagrangian L is hyperregular. Then the integral 
curves of the hamiltonian vector field Xg projects on curves on M which are 
solutions of the Euler- Lagrange equation of L. 

Proof. Let us consider the fibered product T k M = T*T k ~ x M x Tk -i M T k M, 
where both the fibered manifolds T*T k ~ 1 M -> T k ~ 1 M (a vector bundle) and 
T k M -> T fc-1 M (an affine bundle) are considered over the same base, T k 1 M. 
Consider some local coordinates: (x l , y^ 1 ,. . ., y( k ~ 1 J i ) on T k ~ 1 M, (x l , y^ 1 ' 1 ,. . ., 
y (k) t) Qn T fc Mj yCl)*,..., y(fc-D^ p (0)i ,...,p (fc _i )i ) on T*T k -Hl 
and (x\ y (1)4 ,..., yC 1 " 1 ) 1 , yW 4 , P( )i, • • • ,P(fe-i)i) on T k M. The hyperregular 
lagrangian L defines a canonical embedding / : T*T fc ~ 1 M — > T k M given in local 
coordinates by (x\ yW\. . ., y^" 1 ) 1 , p (0)i , . . . ,p( fc _!) f ) A- (x\ yW\. . ., y( k - l )\ 

H l (x\y (1) \ y {k ~ 1] \p( k -i)i)-, P(o)i, ■ ■ ■ ,P(k-i)i), where H l is the local form 
of the inverse £ _1 of the Legendre map C of L, considered previously. The 
submanifold I(T*T k ~ l M) C T k M is given also by the local equation p(k-i)i = 
dL 

g (k)i ( x ' 2/ >■ ■ ■' j/' ''*) on T k M. Using the system (fTT|) one obtain that the 

equation (|T5j) is satisfied along the integral curves of the hamiltonian vector field 
Xg. q.e.d. 

A lagrangian and its dual hamiltonian are related as follows. 

Theorem 6.3 Assume that the lagrangian L or its dual affine hamiltonian h 
is hyperregular. Then L and h have the same energy thus they have the same 
hamiltonian vector field on T k ~ 1 M. 

Proof. The fact that L and h have the same energy follows from formulas 
(jHJ and (p~6|) . using the form of Legendre map given by Theorem 16. II q.e.d. 

Corrolary 6.1 Assume that the lagrangian L or its dual affine hamiltonian h 
is hyperregular. Then the curves on M that are solutions of the Euler- Lagrange 
equation of L are the same as the projections on M of the curves on T*M that 
are solutions of the Hamilton equation of h. 

We consider now some non-trivial examples. For sake of simplicity we take 



Let L : TM — > 1R be a lagrangian. Let us consider L^ : T 2 M -> M, 



L^\x\y { ^\y^ 1 ) = e a L(x\y^) +EiL(x\z^), where e , e 1 € M, e 1 ^ 0, 



z ( 2 ) 1 = y( 2 ) 1 — S i (x t ,y^' 1 ) and 2S 1 — g tl I y l ^n — 7 — 7". — 7 I are the components 



of the semi-spray of L . We denote by H : T*M — > Ft the dual hamilto- 
nian that correspunds to L, i.e. H(x l ,pi) — PiH 1 (x l , pi) — L(x l ,H l ), where 



— ^ l W{x\ Pl ))=p J . 

flT&i QT. 

We have = £l — (x^y^ ~ (a* ,yO)i)) = Pi , thus 

y (2)i = s^x^yWi) + H\xi, —pj) h^x^y^^pj). It follows that the dual 



k = 2. 




dL 
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affine hamiltonian that corresponds to is 

2HW(xi,yW, Pj ) = pih l {x j ,y {1 ^ ,pj) - LW(x? ,yW ,h?) = p i S i (x^y^)+ 
Pl H l {x^-p 3 )- e L(x\y^ 1 )- eiL(x\ — Pj )) = 

p i S i (x^,y^)+ £l H(xJ, - E L{ X j,yWi). 

The energy of is £^ {x\y^\p m ,P { iyd = PmV (1)l + 2H^(x i ,y^ i , 
p (1)t ),ov E^{x\y^\ Pmi ,p (1)l ) =p { o) i y Wi +P { i)iS i (xj,yWi)+ 

£l H( x j,-p {1)j )- e L{at,yVV). 

Qgi 2 ) Q d£^ d 
The hamiltonian field of £^ 2 > is X e w = — — — + — . v — 

op(p)i ox 1 dyW 1 

d£ {2) Q g £ (2) Q 

n . t: » 77T- t; • i hus the integral curves ol the hamiltonian vector 

dx l dp (0)l dyW l dp [1)t 

field X f (2) are given by the equations: 

If we denote j^P(i)i = z». we nave: ^P(o)i = ^ J > 



3.^(^(1)*) thus 

thus = ||(^, ^-^( a; fe ,y( 1 ) fe )). 
Discussion: 

If — (or even when eo = 0), it follows the equation 
If >- 0, it follows the equation 

y(1)j Sw {xj,y{1)j) + {Hj{xJ ' Zj) + sj ( xj >y {1)j »Sw {xj ' y{1)i) = 

QT 

—^x^y^i), thus Hi(x j ,Zj) = 0. 

Let us suppose that the equation H 1 (x- 7 ,Zj) — has as solution Zj — 



20 



fj(x l ) and (x- 7 , yi) 



dL 



dy 



r(x J ,y 3 ) is continuous in (x J ,y 3 = 0). Then since 



■^r{x i ,H i {x i ,Zj)) = Zj, it follows that (pj(x l ) = -^—{x\H l (x\L Pl (x i ))) = 
dL 

Tj—r(x l ,0). Thus along a geodesic of L, taking Zj = (fij(x l ) = £(i)j{x l , 0), we 

have W(x j ,Zj) = 0. 

Let us consider some particular cases. 

Example 1. In the canonical euclidian plane E 2 we consider the lagrangian 
L(x\y i ) = L(x 1 ,x 2 ,y 1 ,y 2 ) = ^((y 1 ) 2 + (y 2 ) 2 ). We have S 1 = S 2 = and the 

dual hamiltonian of L is H(x t ,p i ) = -{{pi} 2 + (P2) 2 )- The second order energy 

is £W{x\yW\p {0)i ,p {1)i ) = P(0)i yW+ -^(b(i)i) 2 + b(i )2 ) 2 ) -§((y (1)1 ) 2 + 

(y (1)2 n 

The Hamilton equation is: 



daf_ _ d£^ 
dt dp (0)i 
dy^ 1 d£W 



dt 

dp(Q)j 

dt 
dp(i)j 

dt 



dp(i)i 

dx} , 
d£^ 



P(l)i 



o, 

= -P(o)i + mj 



(i)« 



It follows that 



0, where a = — -. The solutions of this 

£l 



dt 4 dt 2 

differential equation can be easy found. We analyse briefly the general solutions 
in different cases. 

If a = 0, i.e. eo — 0, the general solution has the form x l = cut 3 + bit 2 + 
Cit + di, where dj, bi, Ci and di € JR. 

If a < 0, i.e. £o • £i > 0, the general solution has the form x l = at costy/a + 
bi sin t\fa + erf + di, where a,i, bi, Ci and di € JR. 

If a > 0, i.e. £o-£i < 0, the general solution has the form x % — di cosh t\/—a+ 
bi sinht\/—a + at + di, where dj, bi, c\ and di € JR. 

Notice that if e\ = ±£2 = £ 7^ 0, the general solution is the same; thus the 
,,size", given by e is not important for the solution of the Hamilton equation. 

Example 2. A similar discussion can be performed in the canonical eu- 
clidian plane E 2 , considering the lagrangian L(x l ,y l ) — L((x x ,x 2 ), (y 1 ,y 2 )) = 

2 ((y 1 ) 2 + (v 2 ) 2 ) + a iy 1 + a 2y 2 , where a\, a 2 S JR are constants. 

Example 3. In the canonical euclidian plane E 2 we consider a function 
V : E 2 -> JR and the lagrangian L(x\y l ) = L^x 1 , x 2 ), (y 1 , y 2 )) = ^((y 1 ) 2 + 

{y 2 ) 2 ) + V(x 2 ). We have H = ^((pi) 2 + {p 2 ) 2 ) - V{x l ) and S 14 = The 
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Hamilton equation becomes: 



i d 2 v av 



dt 2 2 y' '().,-■ n.v' v u ' dx 

(fpi _ 1 8V 
~W~~2dx^ +£lPt - 

Let us consider some particular cases for V. 

The first case is V(x l ) — onx 1 , where a, are constants and a 2 + a 2 , 7^ 0. 
d 2 x i 1 

The first equation gives = — ai (eo + £i)> thus the solution curves of 

dt 2, 2 

Hamilton equation (critical curves) are parabolas if £0 + £1 ^ and stright lines 
if £0 + £1 = 0. Notice that the critical curves depend only on £0 + £1. 

The second case is V(x l ) = ^ , i.e. V has a spherical symmetry. In 

i 

this case the equation of critical curves is: 

x i 

= -2 (£ + £1) x 1 -pr, 



dt 2 

1 Pi i , 

d 2 z l 

The equation can be integrated as follows. Take Zi — x l + f3pi such that —-5- — 

dt 

7z 4 , thus -2(e + £1) - /3 = 7 and — 1 + /3si = 7/3. It follows that /? 2 + /3(2£ + 

3ei) — 1 = with non-null real roots p\ ^ pV We have 71,2 = — 2(£ + £1) — 

R -(4£ + 5 £l )± V(2£ + 3£ 1 ) 2 +4 ' . 

= 7; 1 thus 71 73. According to 71 and 

72 one obtains the general solution that gives the equation of critical curves. 
Let fi — x l + fiiPi and gi — x l + @2Pi be the general solutions that corresponds 

to 71 and 72 repectively. We have that x % = — 1S the general solution 

P2 - Pi 

of the equation of critical curves in this case. 
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